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Abstract
In this paper, we first investigate some aspects of frame dragging in strong
gravity. The computations are carried out for the Kerr black hole and
for the rotating Janis-Newman-Winicour solution, that is known to have a
naked singularity on a surface at a finite radius. For the Kerr metric, a few
interesting possibilities of gyroscope precession frequency, as measured by
a Copernican observer outside the ergoregion, are pointed out. It is shown
that for certain angular velocities of a stationary observer, this frequency
might vanish exactly, close to the ergoregion. Similar computations are re-
peated for static observers in the naked singularity background, and strong
enhancement of the Lense-Thirring precession frequency compared to the
black hole case is established. Then, we study the nature of tidal forces in
the rotating naked singularity background, in Fermi normal coordinates.
Here, physical quantities characterizing tidal disruptions of celestial ob-
jects in equatorial circular orbits are computed numerically. Our results
here indicate that there might be significant deviations from correspond-
ing Kerr black hole calculations, up to the level of approximation that we
consider.
∗E-mail: karmakar, tapo@iitk.ac.in
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1 Introduction
Singular solutions of Einstein’s General Relativity (GR) [1], [2], [3], [4], [5] have
been at the focus of attention over the last few decades. These include black holes,
with the singularity hidden by an event horizon, or naked singularities, objects
that do not have a horizon to cover the singularity. The relevance of these objects
are immediate as it is well known that at the center of galaxies lie very massive
compact objects which are believed to be black holes. The cosmic censorship
conjecture, proposed by Penrose states that nature abhors a singularity, i.e naked
singularities are not allowed by a physical collapse process. This is however
yet to be proved completely, and indeed, there has been substantial interest in
gravitational collapse processes that might give rise to a singularity without an
event horizon.
Several interesting aspects have been revealed by such analyses. As was shown
by Joshi and collaborators (see, e.g [6], [7]), the end stage of gravitational collapse
might be driven towards a naked singularity in the presence of non-zero pressures.
Various properties of such equilibrium stable solutions have been investigated in
the recent past. Recently, it has been shown [8] that naked singularities as the
end stage of spherical gravitational collapse is also possible in a cosmological
scenario. The issue of naked singularities assume importance in the context of
quantum theories of gravity, as singularities in GR indicates its breakdown, and
points to its limits of applicability. Whether quantum effects set in at the late
stage of gravitational collapse and modify such limits is little understood, and
promises to be of great relevance in the future.
Several works have appeared in the literature in the recent past, that try to
distinguish between observational properties of black holes and naked singulari-
ties, for example via their accretion disc properties, gravitational lensing, etc (see,
e.g [9], [10], [11]). The purpose of this paper is to elaborate upon and extend
such analyses. In particular, we consider rotating solutions of Einstein’s equa-
tions and focus on two effects over here – the Lense-Thirring (L-T) effect and the
tidal effect. The former is a profound “frame dragging” effect due to a station-
ary space-time, and the latter gives an indication of the (in)stability of rotating
celestial bodies near a singularity. In particular, we will consider the strong-field
Lense-Thirring effect [12], recently studied for the Kerr black hole [14], [15], [16]
(see also [17], [18] for related works). In the first part of this paper, we study this
object more closely and point out some interesting physical features that might
arise close to (but outside) the ergoregion of Kerr black holes. Two important
observations in this context are that firstly, the L-T precession frequency can
speed up as the black hole slows down (due to a Penrose process) and secondly,
for stationary observers on the equatorial plane, the precession frequency of a
test gyroscope vanishes (without approximation) outside the ergoregion for some
values of the observer’s angular velocity. The study is then repeated for the ro-
tating Janis-Newman-Winicour (JNW) solution of GR [13] previously considered
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in [10], [11] and a comparitive analysis is performed with the black hole case.
We show that under certain restrictive assumptions, the Lense-Thirring effect
might be an indicator of differences between black holes and naked singularity
backgrounds.
In the second part of this paper, we study the tidal (i.e non-local) forces on
celestial objects, specialized to the rotating JNW backgrounds. This is done
in Fermi normal coordinates [19], [5] which are locally flat coordinates along a
geodesic. In the context of Kerr black holes, this computation was performed by
Ishii [20], building upon the previous work of [21]. In [20], the computation was
done up to fourth order in Fermi normal coordinates, by taking into account the
internal fluid dynamics of the celestial object which is acted upon by the black
hole background. Here, in an effort to again contrast physical phenomena in black
holes and naked singularities, we perform such an analysis with the background
being the rotating JNW solution.
We now summarize the layout and main findings of this paper. After a (very)
brief review of the relevant concepts in the next section, in section 3, we first
consider strong field L-T precession in Kerr and rotating JNW backgrounds. The
former has been considered recently (see, e.g [14], [16]) mostly in the context of
“Copernican” observers (to be explained later) inside the ergoregion of the black
hole. We show here that for a static observer, there might be interesting physics
outside the ergoregion as well, and that as the black hole’s angular momentum is
lowered, L-T precession might speed up, in direct contrast with a weak field L-T
analysis [4]. The lowering of the black hole angular momentum might arise due
to a Penrose process (see, e.g [22]) and we will see that the speeding up of the
L-T frequency might be possible in this physical situation. We contrast this with
the accreting Kerr black hole using a result due to Bardeen [23] and show that
this is an impossibility. We then consider a generic stationary observer outside
the ergoregion of the Kerr black hole, and show that (under certain realistic
assumptions), the precession frequency of a test gyroscope might vanish exactly,
as the angular momentum of the background changes. This phenomenon persists
for an accreting black hole.
Section 4 deals with our other topic of interest, namely tidal forces. We
compute the tidal disruption limits in rotating JNW backgrounds for equatorial
circular orbits. This is done numerically in Fermi normal coordinates. Finding
such coordinates for a stationary space-time in general involves a lengthy calcu-
lation. Here, we first offer a simple and easy prescription for achieving this on
the equatorial plane of a sufficiently generic stationary space-time. Applying this
to the rotating JNW background, after giving the details of the numerical pro-
cedure used, it is seen that when we are far from the Kerr limit, the tidal forces
might show some peculiar behavior in rotating naked singularity backgrounds
compared to their black hole cousins. While indicative of new physical phenom-
ena, we point out that this might be a limitation of the order of approximation
used, and comment on the results. Finally, section 5 closes this paper with a
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discussion of the main findings here.
2 Basic Notations and Conventions
The purpose of this section is to motivate the topics that will be of our interest
in this paper. We will be brief here, as the material here is mainly intended to
serve as a short review, and more details can be found in references contained
herein. We start with the L-T precession in stationary backgrounds.
2.1 Lense-Thirring precession in stationary backgrounds
The Lense-Thirring precession is a profound effect of rotating space-times on a
test gyroscope. A rotating space-time drags a locally inertial frame, causing the
spin of the gyroscope to precess. In a weak field limit, the computation of this
rate is a textbook exercise, and gives (eq.(14.34) of [4]), with ~J being the angular
momentum of the rotating space-time :
~ΩLT =
1
r3
(
3( ~J · rˆ)rˆ − ~J
)
(1)
When rˆ points along ~J , this reduces to the expression ΩLT = 2J/r
3. This is the
known inverse-cubed behaviour of the L-T frequence with distance. In particular,
when J increases or decreases (with the weak-field limit still assumed to be valid),
the linear increase or decrease of ΩLT is evident. We note here that a second effect,
called the geodetic effect or the de-Sitter precession of a test gyroscope is very
much relevant in this context, and we will comment on this shortly in the context
of stationary observers.
The weak field computation is of course of limited interest in strong gravity
regimes which is our main interest here, and there one has to use a more general
expression. In fact, an exact expression for the L-T precession frequency has
been derived in the textbook by Straumann [12]. This is done in a special frame
at rest with respect to fixed stars, called a Copernican frame. The result for the
precession vector in this frame is (eq.(1.161) of [12]) :
ΩLT =
g00
2
√−det g ijk
(
g0i
g00
)
, j
(
glk − gl0gk0
g00
)
dxk (2)
where a comma denotes a differentiation and det g is the determinant of the
metric. This will be our main formula for computation of the L-T frequencies in
what follows. We remind the reader that this formula refers specifically to the
Copernican frame, as will be the case here. One can generically consider a static
or a stationary observer in the background of a rotating space-time. The four
velocity of such observers are given by [4]
u = ut (1, 0, 0, 0) , u = ut (1, 0, 0,Ω) (3)
3
respectively, where the condition uµuµ = −1 provides restrictions on the possible
values of the observer’s angular velocity Ω. We point out that for stationary
Copernican observers, the computed frequency in the frame of the observer is
the total frequency of a test gyroscope, which includes the L-T precession, the
de-Sitter effect, etc. The corresponding formula for the precession frequency is
more elaborate than that of eq.(2) to which it reduces in the limit Ω → 0 (see
eq.(14) of [16]). It is also well known that static observers cannot exist inside
the ergoregion of the Kerr black hole. We will however be mostly interested in
observers outside the ergoregion, for which this situation does not arise.
The importance of the L-T precession cannot be over emphasized. We simply
remind the reader that the L-T precession frequency (along with the geodetic
precession) were recently measured by the gravity probe B experiment [24] and
confirmation with theoretical predictions is hailed as a further success of Ein-
stein’s GR. A discussion of the L-T effect in black holes and naked singularity
backgrounds will be the subject of the section 3.
2.2 Tidal Forces in stationary backgrounds
We now briefly review the idea of tidal forces, which arise out of non-local grav-
itational interactions. Let us consider, a celestial object (maybe a star) moving
under the effect of gravity of a central massive object (which might exemplify
a singularity). Non local gravitational effects might cause this object to break
apart. In the Newtonian context, this is not difficult to see, and is indeed a
textbook exercise. Let us take a massive central object of mass M and radius
R and a star (consisting of incompressible matter, say), of mass small Ms and
small radius rs. A reasonable approximation that considerably simplifies calcu-
lations is to assume that both objects are spherical, and their centres are say at
a distance d apart. If the star is small compared to the central object, so that
rs/R 1 and equating the gravitational “stretching force” with the self gravity
of the small star shows that the latter will break apart once the (dimensionless)
ratio (Ms/M)(d/Rs)
3 goes below a critical value. This value will, in general,
depend on the spin angular velocity of the central object as well as the star.
This ratio given above translates into the fact that a star gets tidal disrupted (or
breaks apart) once the radial distance between the star and the central massive
object goes below some critical value. This critical distance is popularly known
as the Roche limit.
It is in general substantially more difficult to perform the same analysis in the
context of GR, which will be our focus in this paper. This is due to the subtle
interplay of the fluid dynamics of the star interior with the tidal force. Further,
one needs to perform the computations in the Fermi normal coordinate system
which is a locally inertial system along a geodesic (being traced out by the star)
and this itself becomes complicated for stationary backgrounds. Fortunately,
both problems can be addressed, if one restricts to an equatorial plane. In this
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plane, using up to fourth order in Fermi normal coordinates, the tidal forces in a
Kerr background was computed in [20]. Here, the star is treated in a Newtonian
approximation.
In [25], a comparison was made between the nature of tidal forces in static
naked singularity and black hole backgrounds. There, a few known static naked
singularity backgrounds were considered and it was shown that these might have
substantial effects on tidal forces, as compared to black holes. For example,
it might be possible for a neutron star to disintegrate in a naked singularity
background at a certain radial distance, while it might be stable in a black hole
background at the same radius. In this paper, we compute tidal effects in the
rotating JNW background. As a byproduct, we also give a relatively easy method
to compute Fermi normal coordinates for a generic stationary space-time.
We now proceed to the main part of this paper.
3 Strong field Lense-Thirring precession in Kerr
and rotating JNW backgrounds
We will consider the Kerr metric written in Boyer-Lindquist coordinates,1
ds2 = −
(
1− 2Mr
γρ2
)
(dt− ωdφ)2 + ρ2
(
dr2
∆
+ dθ2 + sin2 θdφ2
)
− 2w(dt− ωdφ)dφ (4)
where M is the Arnowit-Deser-Misner (ADM) mass, and we have defined
ω = a sin2 θ , ρ2 = r2 + a2 cos2 θ , ∆ = r2 + a2 − 2Mr . (5)
Note that a = J/M is a convenient rotation parameter with J being the angular
momentum of the black hole (we will sometimes loosely refer to a as the angular
momentum but the meaning should be obvious from the context). The Kerr black
hole is extremely well studied and we will simply list the relevant quantities that
will be useful for our analysis to follow (see, e.g [26]). These are
r± = M ±
√
M2 − a2, Outer and inner horizons
rE± = M ±
√
M2 − a2 cos2 θ, Outer and inner ergosurfaces . (6)
In addition, there is a ring singularity which, in cartesian coordinates, is given
by z = 0, x2 + y2 = a2. The ergoregion, defined as the region between the outer
ergosurface rE+ and the outer event horizon r+ is a special region of space-time
1We will, in general, work in geometrized units where the Newton’s constant G and the
speed of light c are both set to unity. We will comment upon the restoration of units in the
next section.
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where it is not possible to define a static time-like observer. Also, from Eq.(6),
it follows that in order to avoid a naked singularity, we should demand that
|a| ≤M , with the equality holding for an extremal Kerr black hole.
The Lense-Thirring precession frequency is known in the literature (see, e.g
[14], [16]) and from eq.(2) its magnitude can be readily calculated to be
ΩLT =
aM
√A
(a2 cos2(θ) + r2)
3
2 (a2 cos2(θ) + r(r − 2M))
. (7)
Here, A is defined as
A = a4 sin2(θ) cos4(θ) + r2 cos2(θ) (a2 cos(2θ) + 3a2 + 4r(r − 2M))+ r4 sin2(θ)
(8)
In the weak field limit, i.e for r M , the above equation reduces to
ΩLT =
aM
r3
√(
4 cos2 θ + sin2 θ
)
+O
(
1
r4
)
. (9)
This is as expected : increasing the rotation parameter linearly increases the
Lense-Thirring precession frequency, which falls off as an inverse cube of the
distance. Important properties of the LT precession of test gyrocsopes have been
considered in [6]. Here, we point out a few complementary issues that might be
of observational interest.
(a) (b)
Figure 1: (a) The red shaded region is the allowed region for r and θ for which the
right hand side of Eq.(11) is negative, with M = 1, a = 0.9. (b) Ωθ=0LT as a function of
J with M = 1, for various values of r = 2.01 (solid red), r = 2.1 (dotted blue) and
r = 2.2 (dashed green)
First of all, we present the LT freq for θ = 0 and θ = pi/2, for which Eq.(7) is
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greatly simplified :
Ωθ=0LT =
2aMr
(a2 + r2)3/2
√
a2 + r(r − 2M)
, Ω
θ=pi/2
LT =
aM
r2(r − 2M) (10)
From Eq.(10), we note that for θ = pi/2, i.e on the equitorial plane, the L-T
precession frequency is a monotonically increasing function of the angular mo-
mentum parameter, i.e for a given mass M , the frame dragging frequency becomes
higher with increasing angular momentum, which is physically expected. How-
ever, for θ = 0 (and for all intermediate values of θ between 0 and |pi/2|), the
situation is qualitatively different. In particular, we have,(
dΩLT
da
)
θ=0
=
r3(r − 2M)− 2Mr (3a4 + 2a2r(r − 2M))
(a2 + r2)5/2 (a2 + r(r − 2M))3/2
. (11)
For r > 2M , this quantity can be negative for some values of r. This is somewhat
counter intuitive, as it indicates that (at least for a fixed mass black hole), an
increase in the rotation parameter might lead to a slow down in the L-T precession
frequency.
Our focus will be on regions outside the outer ergosurface. As we see below,
this is enough for getting evidence on interesting physics. For specificness, we
choose M = 1, a = 0.9. Then, we will look for regions outside r = 2 (the value
of r that will always be outside the ergoregion for M = 1 for any value of the
rotation parameter) for which the right hand side of Eq.(11) becomes negative.
We show this as a region plot in Fig.(1(a)), where the red shaded region satisfies
this condition. In Fig.(1(b)), we have depicted the result for θ = 0 for some
specific choice of r = 2.01 (solid red), r = 2.1 (dotted blue) and r = 2.2 (dashed
green) to show explicitly that this is the case.
To understand the situation better, we have plotted in Fig.(2(a)), with M =
1.5 and a = 0.99, the region in the (r, θ) plane where the L-T frequency has a
negative derivative. In this figure, we have searched for dΩLT/da < 0 starting
from r = 2.3, i.e outside the ergoregion. This plot is similar in spirit to the one
in Fig.(1(a)) – one can see that starting from θ = 0, there is a region where this
inequality is satisfied, all the way up to |θ| < pi/2. If one chooses smaller values
of a, there are some unimportant variations in this, but the essential result is
the same – some part of the region outside the outer ergosurface shows a slowing
down of the L-T frequency when the rotation parameter is increased.
Of course the above is for a fixed value of the black hole mass, and although
it is reasonable to theoretically tune the angular momentum parameter while
keeping the mass fixed, one might wonder about the physicality of the result. To
see this, in Fig.(2(b)), we have made a region plot of the condition dΩLT/da < 0
with a fixed r = 2.4 and θ = 0. We have varied the black hole mass from M = 1
to M = 1.2, so that our chosen value of r always lies outside the ergoregion, and
we have taken 0 < J < 1 so that a naked singularity is never formed. We see
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(a) (b)
Figure 2: (a) The red shaded region is the allowed region for r and θ for which the
right hand side of Eq.(11) is negative, with M = 1.5, a = 0.99. (b) The red shaded
region is the allowed region for M and J for which the right hand side of Eq.(11) is
negative, with r = 2.4, θ = 0.
that there is indeed a region of parameters in the (a,M) plane where the L-T
frequency slows down. This is important for us, as we now explain.
Slowing down of the L-T frequency with increasing a is also equivalent to
its speeding up with decreasing a. The latter phenomenon can be achieved by
the Penrose process, wherein one can extract energy out of a Kerr black hole
that leads to a decrease of its angular momentum as well as mass. This process
specifically requires [22]
δJ
δM
≤ 2M
J
(
M2 +
√
M4 − J2
)
(12)
From Fig.(2(b)), we can see that this can always be arranged deep inside the
shaded red part. Thus, in principle, we conclude that the slowing down of the
L-T frequency can occur during a Penrose process.
It is important to compare this with the accreting mass spinning black hole,
which was considered several decades back by Bardeen [23]. There, it was shown
under certain assumptions that due to the accretion process, the black hole angu-
lar momentum increases, and starting from a Schwarzschild mass M1, the value
of the angular momentum per unit mass is [23]
a =
√
2
3
M1
(
4−
√
18M21
M2
− 2
)
(13)
with 0 < a/M < 1 and M1 ≤ M <
√
6M1. Without loss of generality, we
will set M1 = 1 and we input this value of a in Eq.(7). We choose θ = 0 and
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(a) (b)
Figure 3: (a) ΩLT vs M for r = 4.9 (solid red), r = 5.0 (dotted blue) and r = 5.5
(dashed green) with θ = 0. (b) ΩLT vs M for r = 5.02 (solid red), r = 5.1 (dotted
blue) and r = 5.5 (dashed green) with θ = pi/2. Both these plots are for accreting Kerr
black holes.
r ≥ 4.9 so that we are again outside the ergoregion. Fig.(3(a)) shows the result
in this case. ΩLT shows expected behaviour, it is linear in the weak field (small
M) limit, and non-linearity develops as M becomes large. Here we show ΩLT
vs M for r = 4.9 (solid red), r = 5.0 (dotted blue) and r = 5.5 (dashed green)
(with θ = 0). In Fig.(3(b)), we have shown the similar situation for θ = pi/2, for
completeness. Here, we have plotted ΩLT as a function of a after inverting Eq.(13)
and substituting in Eq.(7). In this plot, we have shown ΩLT vs M for r = 5.02
(solid red), r = 5.1 (dotted blue) and r = 5.5 (dashed green) (with θ = pi/2) with
the value of r chosen such that we are always outside the ergoregion.
We therefore see that in principle, the precession of a test gyro might speed
up (slow down) in Kerr backgrounds, as the black hole spin parameter decreases
(increases). The slowing down of the black hole might be ensured through a
Penrose process. However, for accreting Kerr black holes, this phenomenon is
absent.
3.1 Strong field precession for generic stationary Kerr ob-
server
It is well known that inside the ergoregion of a Kerr black hole, it is not possible
to define static observers. Stationary observers can be defined both inside and
outside the ergoregion of such black holes, and we will now concentrate on a class
of stationary observers outside the ergoregion, with their four velocities defined
from the second of eq.(3). The precession frequency of test gyroscopes for such
observers was calculated in [16] and is given by a lengthy expression (eq.(14) of
9
that paper) which follows readily from eq.(2) that we will not reproduce here.
We will rather work in some limits. It turns out that the simplest algebraic ex-
pressions are obtained in the equatorial plane θ = pi/2, which will be useful to
decipher interesting physics in an analytic manner. For other values of θ, includ-
ing θ = 0, the expressions become cumbersome, and we will mostly deal with the
equatorial plane, although we will make some comments on other possible values
of θ towards the end of this subsection.
In the equatorial plane, the magnitude of the precession frequency (recall that
this is the total precession frequency due to the L-T precession and the de-Sitter
effect, etc.) equals
Ω
θ=pi/2
F =
a3MΩ2 − 2a2MΩ + a (3Mr2Ω2 +M) + r2Ω(r − 3M)
r2 (r (a2Ω2 + r2Ω2 − 1) + 2M(aΩ− 1)2) (14)
with the subscript (F ) denoting that this is the total precession frequency. Let
us first consider relatively large values of the radial coordinate, r  2M . In this
case, a series expansion yields,
Ω
θ=pi/2
F ∼
1
Ωr2
+
1
r3
(
3aM − 3M
Ω
)
+O
(
1
r4
)
(15)
For this to be exactly zero to this order of approximation, we require that Ω =
(3M−r)/(3aM). For large r  2M , this will imply a large value of Ω, since a lies
between 0 and M . However, Ω is restricted. It is well known (see, e.g [27], [16])
that the allowed values of Ω for a time-like observer are restricted to lie between
Ω+ and Ω−, where
Ω± = −g0φ
gφφ
±
√(
g0φ
gφφ
)2
− g0φ
gφφ
(16)
Using the metric components from eq.(4), we find that in the limit of large r, on
the equatorial plane,
Ω± ∼ ±1
r
∓ M
r2
∓ a
2 ∓ 4aM +M2
2r3
+O
(
1
r4
)
(17)
Hence, we conclude that the precession is non-zero for relatively large values r,
with its sign being determined by that of Ω. Of course strictly in the limit r →∞,
Ω
θ=pi/2
F vanishes, as it should.
On the other hand, we note that in general, setting Ω
θ=pi/2
F = 0
2 yields two
special values Ω
θ=pi/2
0± , i.e
Ω
θ=pi/2
0± =
2a2M + 3Mr2 − r3 ± r3/2√(r(3M − r)2 − 4a2M)
2 (a3M + 3aMr2)
(18)
2This case is physically relevant as it yields a precise vanishing of the gyro precession fre-
quency, without any approximation.
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with the subscript 0 denoting that this value of the angular velocity of the sta-
tionary observer makes the precession frequency ΩF vanish exactly. Apart from
r = 3M , the quantity in the square root can always be made positive so that
Ω
θ=pi/2
0± is real. Near r → 2M , we have
Ω
θ=pi/2
0± →
a2M + 2M3 ± 2M2√M2 − 2a2
a3M + 12aM3
, as r → 2M (19)
This shows that in units of M , close to the outer ergosphere r = 2M , which is
of our interest here, Ω
θ=pi/2
0± is real for a < M/
√
2. It can be checked that in this
region, Ω
θ=pi/2
0− can certainly lie in the range Ω
+ > Ω
θ=pi/2
0− > Ω
−, with θ = pi/2,
and that Ω
θ=pi/2
0+ will in general not satisfy this contraint. Henceforth, to avoid
cluttering of notation, we call Ω
θ=pi/2
0− = Ω
θ=pi/2
0 .
(a) (b)
Figure 4: (a) Region plot (red shaded region) of the condition Ω+ > Ωθ=pi/20 > Ω
− for
r = 2.1. (b) Precession frequency vs the rotation parameter for M = 1, r = 2.1. The
solid red, dotted blue and dashed green curves correspond to Ω = 0.01, 0.02 and 0.03,
respectively.
As a concrete illustration, we choose M = 1. Then, in units of M , we take
r > 2 so that we are outside the ergoregion. A region plot (red shaded region)
of the condition Ω+ > Ω
θ=pi/2
0 > Ω
− is shown in fig.(4(a)) in terms of M and J
with the radial coordinate r = 2.1. In fig.(4(b)), we show some explicit plots of
the gyro precession frequency ΩF vs the rotation parameter a. Here again we
have taken M = 1, and have again chosen r = 2.1. The solid red, dotted blue
and dashed green curves correspond to Ω = 0.01, 0.02 and 0.03, respectively (For
this choice of M and r, Ω+ varies between 0.1 (J = 0) to 0.32 (J = 1), and our
choices of Ω are below this. The values of a ≡ J that these correspond to, at
ΩF = 0 are seen to be in the region depicted in fig.(4(a)).
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(a) (b)
Figure 5: (a) Region plot (red shaded region) of the condition Ω+ > Ωθ=pi/20 > Ω
−
with a related to M by eq.(18). (b) Precession frequency vs M for the accreting mass
Kerr black hole, for r = 2.73. The solid red, dotted blue and dashed green curves
correspond to Ω = 0.1, 0.13 and 0.15, respectively.
We now turn to a similar analysis for accreting Kerr black holes, and substitute
the value of a from eq.(13) in eq.(18). The condition that Ω+ > Ω
θ=pi/2
0 > Ω
−
is plotted as the red shaded region in the (r,M) plane in fig.(5(a)) (where we
start from M = 1, r = 2 to avoid the ergoregion) and explicit plots of ΩF
as a function of M for r = 2.73 is shown in fig.(5(b)), where the solid red,
dotted blue and the dashed green curves correspond to Ω = 0.1, 0.13 and 0.15,
respectively. For this case, we see that the precession frequency of a test gyroscope
can indeed vanish for a Copernican stationary observer for the accreting black
hole. Although analytical results are cumbersome to produce here, we note that
one can numerically verify the vanishing of the precession frequency, and confirm
this with the predictions of fig.(5(b)).
The above considerations point to the fact that for a Kerr black hole, with
change of the angular momentum parameter, Copernican observers at a certain
radius outside the black hole will see that the L-T precession frequency in their
frame will change sign. The same is true for accreting Kerr black holes as well.
Whether this has any experimental relevance is not immediately clear, but should
be an interesting topic to probe further.
Finally, a few words about values of θ 6= pi/2. Let us consider the case θ = 0.
In this case, we find the magnitude of the L-T precession frequency of the Kerr
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black hole as
Ωθ=0F =
√A2 + B2
(a2 + r2)3/2 (a2 + r(r − 2M))
,
A = Ω (a2 + r2) (a2(M + r) + r2(r − 3M)) ,
B =
√
a2 + r(r − 2M)
(
Ω
(
a2 + r2
)2 − 2aMr) (20)
This expression is manifestly non-zero for all values of Ω. It therefore seems that
the exact vanishing of the gyroscope precession frequency for the Kerr black hole
is possibly manifest only on the equatorial plane. We have numerically checked
for some other values of θ that this last statement is true.
3.2 Strong field Lense-Thirring precession for static ob-
servers : rotating JNW solution
We will now discuss the strong field L-T precession for static observers in rotating
JNW backgrounds. We start with the metric derived in [13] (see [10], [11] for
recent works on this). The metric of the rotating Janis-Newman-Winicour naked
singularity in Boyer-Lindquist coordinates is given as :
ds2 = −
(
1− 2Mr
γρ2
)γ
(dt− ωdφ)2 +
(
1− 2Mr
γρ2
)1−γ
ρ2
(
dr2
∆1
+ dθ2 + sin2 θdφ2
)
− 2w(dt− ωdφ)dφ (21)
where we have defined
ω = a sin2 θ , ρ2 = r2 + a2 cos2 θ , ∆1 = r
2 + a2 − 2Mr
γ
(22)
This space-time is sourced by the scalar field ψ satisfying ψ = 0 in this back-
ground, and is given by
ψ =
1
4
√
1− γ2 log
(
1− 2Mr
γρ2
)
(23)
The deformation parameter γ is always positive and lies between 0 and 1.
Here, M is the ADM mass, and a is as before, the angular momentum per
unit mass of the source. We remind the reader that as before, we have assumed
units with G = c = 1. The metric of eq.(21) reduces to the Kerr solution with
γ = 1, to the non-rotating JNW solution with a = 0 and to the Schwarzschild
solution with both γ = 1 and a = 0. Calculating the Ricci scalar, one finds that
there is a globally naked singularity at gtt = 0, which translates into
r± =
M
γ
±
√(
M
γ
)2
− a2 cos2 θ (24)
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The surface r = r+ is the naked singularity, which occurs at r+ = 2M/γ for θ =
pi/2. Also, from the above equation it is seen that here the angular momentum
parameter a can range from 0 to M/γ, for a given value of γ. Here, ∆1 = 0 yields
r∆1=0± =
M
γ
±
√(
M
γ
)2
− a2 (25)
so that the radial values r∆1=0± are always less than r+ defined by eq.(24), so that
there is no ergoregion.
The magnitude of the strong field L-T precession can be readily calculated,
and yields a complicated expression. We will first look at some limits. In the
limit r  2M , we have from eq.(2)3
ΩLT =
aM
r3
√
4 cos2 θ + sin2 θ +
aM2
r4γ
4 cos2 θ (3− 2γ) + sin2 θ (3− γ)√
4 cos2 θ + sin2 θ
+O
(
1
r5
)
(26)
We note that the first term is similar to the one in eq.(9) for the Kerr background,
while the second term might be important for large r with small γ, where it might
contribute at O(r−3). Also, for θ = 0 and θ = pi/2, we obtain
Ωθ=0LT =
aγ
[(
1− 2Mr
γ(a2+r2)
)γ
− 1
]
[(a2 + r2) γ]γ/2 [(a2 + r2) γ − 2Mr]1−γ/2
, Ω
θ=pi/2
LT =
aγ3/2M
(
1− 2M
γr
)γ/2
r3/2(γr − 2M)3/2
(27)
The expressions in eq.(27) reduces to the corresponding ones for the Kerr metric
in eq.(10) on setting γ = 1. For the rotating JNW singularity, analysis of the
expressions for the L-T precession for generic values of θ become difficult due
to algebraic complications. However, we find that the qualitative features of the
precession to remain the same as in the Kerr case, with the coordinates scaled.
Remember that the singularity is located at
r+ =
M
γ
+
√(
M
γ
)2
− a2 cos2 θ (28)
Comparing with eq.(6), we see that smaller values of γ imply that the singularity
is located at relatively larger values of the radial coordinate as compared with
the Kerr case.
Our results are illustrated in fig.(6(a)), where we have shown the behaviour
of Ωθ=0LT vs J with M = 1, and γ = 0.1 in the JNW space-time. Here, we have
chosen the values of r > 20 to be outside the singular surface. Specifically, the
solid red, dotted blue and dashed green curves correspond to r = 20.01, 20.02
3We will use the same symbol for the L-T precession as we did for Kerr backgrounds, in
order not to clutter the notation. The meaning should be clear from the context.
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(a) (b)
Figure 6: (a) Ωθ=0LT vs J with M = 1 and γ = 0.1 in the JNW background. The solid
red, dotted blue and dashed green curves correspond to r = 20.01, 20.02 and 20.05,
respectively. (b) The ratio R of eq.(29) plotted as a function of J for M = 1, r = 25.
The solid red, dotted blue, dashed green and dot-dashed black curves correspond to
θ = 0, pi/4, pi/3 and pi/2, respectively.
and 20.05, respectively. We note the strong similarity with the corresponding
Kerr case depicted in fig.(1(b)). Hence we conclude that the essential nature of
the the L-T precession frequency is the same just outside the naked singularity
compared to Kerr black hole just outside the ergoregion.
More interesting physics can be gleaned by comparing the magnitudes of the
L-T frequency for the JNW and Kerr space-times. We define a quantity
R =
ΩJNWLT
ΩKerrLT
(29)
In fig.(6(b)), we plot this quantity as a function of the angular momentum J , for
M = 1 and r = 25, where for the JNW space-time we have taken γ = 0.1. In
this figure, the solid red, dotted blue, dashed green and dot-dashed black curves
correspond to θ = 0, pi/4, pi/3 and pi/2, respectively. We see that this ratio
increases as one approaches the equatorial plane, where the L-T precession might
be almost an order of magnitude higher for the JNW naked singularity compared
to the Kerr black hole. Strong enhancement of L-T precession frequency might
thus be a characteristic distinction between black holes and naked singularities.
It is not difficult to undertake a similar analysis for JNW stationary observers,
as we had done for the Kerr background, although the expressions become very
complicated. However, our discussion above gives indication that essentially sim-
ilar features will persist in this case also, at different radial distances. This will
possibly not lead to any significantly new physical insight, and we will not perform
such an analysis here.
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We now move over to another aspect of importance in observational distinction
between black holes and naked singularities, namely tidal effects.
4 Tidal forces in rotating JNW backgrounds
In this section, we will compute tidal forces in rotating JNW backgrounds, using
the metric of eq.(21). The general analysis of arbitrary orbits is substantially
complicated, and we will try to illustrate the essential physics by considering
only equatorial circular orbits (θ = pi
2
and fixed r). By [20], the tidal potential in
Fermi normal coordinates is given by:
φtidal =
1
2
Cijx
ixj +
1
6
Cijkx
ixjxk +
1
24
[Cijkl + 4C(ijCkl)− 4B(kl|n|Bij)n]xixjxkxl
(30)
Where we have defined
Cij = R0i0j, Cijk = R0(i|0|j;k), Cijkl = R0(i|0|j;kl), Bijk = Rk(ij)0, Ak =
2
3
Bijkx
ixj
(31)
Here R0(i|m|j;kl) means (in accordance with notation of [20]) sum over permuta-
tions of i, j, k and l, keeping m at fixed position and then dividing by total
number of permutations. All the components refer to Fermi normal coordinates.
Our first task is therefore to compute the Fermi normal coordinates for equato-
rial circular orbits, from which we can explicitly compute the tidal potential of
eq.(30) after plugging in the expressions from eq.(31). The calculation can be
tedious, and we will first propose a relatively simple method to compute Fermi
normal coordinates (for equatorial circular orbits) for a generic class of metrics
written in Boyer-Lindquist coordinates.
4.1 Equatorial circular orbits and Fermi normal coordi-
nates
Here we present a simple analysis to construct Fermi normal coordinates on
equatorial circular geodesics for a certain class of metrics. Consider a general
metric in Boyer-Lindquist coordinates:
ds2 = gtt(r, θ)dt
2 + 2gtφ(r, θ)dtdφ+ gφφ(r, θ)dφ
2 + grr(r, θ)dr
2 + gθθ(r, θ)dθ
2 (32)
Here metric tensor components are dependent only on θ and r. Our convention
is chosen such that at large r, the metric reduces to the Minkowski metric with
ηµν = diag{−1, 1, 1, 1} (although this is not strictly necessary). The Lagrangian
for a massive object on equatorial circular orbit is given by:
L = 1
2
(
gttt˙
2 + 2gtφt˙φ˙+ gφφφ˙
2
)
(33)
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Where dot denotes differentiation with respect to the proper time τ . All metric
components are evaluated for θ = pi
2
. Now, t and φ being cyclic coordinates, we
get two constants of motion, namely the energy per unit mass E and angular
momentum per unit mass L. These are given by
E = −(gttt˙+ gtφφ˙), L = (gtφt˙+ gφφφ˙) (34)
Solving for t˙ and φ˙ gives
t˙ =
1
g
(gtφL+ gφφE), φ˙ = −1
g
(gttL+ gtφE) (35)
Where we have denoted g = g2tφ − gttgφφ. As the object is massive, we get a
constraint on E and L from rest mass conservation,
gφφE
2 + 2gtφEL+ gttL
2 = g (36)
Moreover, for equatorial circular orbits, we have
∂gφφ
∂r
E2 + 2
∂gtφ
∂r
EL+
∂gtt
∂r
L2 =
∂g
∂r
(37)
To construct Fermi normal coordinates we need one time-like and three space-like
vectors which are parallely propagated along the geodesic. As the tangent vector
is always parallely propagated along a geodesic, we choose this as the time-like
vector.
λµ0 = {t˙, 0, 0, φ˙} = {
1
g
(gtφL+ gφφE), 0, 0,−1
g
(gttL+ gtφE)} (38)
Also it is seen that for this kind of metric (being independent of t and φ), we get
that
λµ2 = {0, 0,
1√
gθθ
, 0} (39)
is a space-like vector and is parallely propagated along a equatorial circular
geodesic. Two obvious orthonormal space-like vectors are then
λ˜µ1 = {0,
1√
grr
, 0, 0} (40)
and
λ˜µ3 = {
L√
g
, 0, 0,
E√
g
} (41)
As these vectors are not necessarily propagated along the geodesic, we form their
linear combination given by:
Λ = σ1λ˜1 + σ3λ˜3 (42)
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σ1 and σ3 depend on proper time, and they satisfy the condition σ
2
1 + σ
2
3 = 1.
After putting the condition that Λ is parallely propagated, we get
σ˙1λ˜
ν
1 + σ˙3λ˜
ν
3 = −σ1λµ0∇µλ˜ν1 − σ3λµ0∇µλ˜ν3 (43)
This in turn gives
σ˙1 = −σ3λµ0gρνλ˜ρ1∇µλ˜ν3, σ˙3 = −σ1λµ0gρνλ˜ρ3∇µλ˜ν1 = σ1λµ0gρνλ˜ρ1∇µλ˜ν3 (44)
With σ1 = cos Ψ and σ3 = sin Ψ we can form two linear combinations of the form:
λ1 = λ˜1 cos Ψ + λ˜3 sin Ψ
λ3 = −λ˜1 sin Ψ + λ˜3 cos Ψ (45)
such that we get,
Ψ˙ = Ω = λµ0gρνλ˜
ρ
1∇µλ˜ν3 = −λµ0gρνλ˜ρ3∇µλ˜ν1 (46)
For equatorial circular orbits, Ω is only a function of r, and hence a constant for
each orbit. For the Kerr metric we have Ψ˙ =
√
M
r3
, matching with [20]. These four
parallely propagated vectors (λ0 ,λ1 ,λ2 ,λ3) can be used as coordinate directions
for Fermi normal coordinates. Thus we have solved the problem of finding Fermi
normal coordinates for equatorial circular orbits in a sufficiently general metric.
The transformation from BL to Fermi normal coordinates({xµ}) is given by:
Rabcd = Rµνρσλ
µ
aλ
ν
bλ
ρ
cλ
σ
d (47)
Also, to get rid of Ψ from equations, we define coordinate system defined by:
x˜1 = x1 cos Ψ + x3 sin Ψ (48)
x˜3 = −x1 sin Ψ + x3 cos Ψ (49)
x˜i ’s are the coordinates corresponding to λ˜a frame. The central singularity is on
the negative x˜1 axis.
4.2 Hydrodynamic equations
We assume the rotating star to be made of inviscid fluid and having radius much
less than r, the distance from source. Also, we assume its mass to be much less
than M thus its own potential can be described by Newtonian gravity and can
be linearly superposed with tidal potential. The fluid that makes up the star
follows [20] :
ρ
∂vi
∂τ
+ ρvj
∂vi
∂xj
= −∂P
∂xi
− ρ∂(φ+ φtidal)
∂xi
+ ρ
[
vj
(
∂Aj
∂xi
− ∂Ai
∂xj
)
− ∂Ai
∂τ
]
(50)
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Where vi denote velocity field of the fluid in Fermi normal coordinates. Ai has
been defined previously. The terms in the right hand side of eq.(50) involving Ai
correspond to gravitomagnetic effects. φ is the potential due to self gravity of
the star. We assume the corotational velocity field given by:
vi = Ω
(−{x3 − xc sin(Ωτ)}, 0, {x1 − xc cos(Ωτ)}) (51)
where Ω is defined in eq.(46). The equation of state of the star is assumed to be
P = κρ1+
1
n . Then, the hydrostatic equilibrium condition, along with the equation
of continuity leads to the Lane-Emden equation given by
1
ξ2
d
dξ
(
ξ2
dθ
dξ
)
+ θn = 0 (52)
where ξ is a dimensionless Lane-Emden coordinate obtained by a scaling of the
radial coordinate, and ρ = ρcθ
n, with ρc being the central density. If we denote
by R0 the radius of the star, and ξ1 is the Lane-Emden coordinate at its surface,
then
R0 =
[
(n+ 1)κρ
(1−n)/n
c
4pi
] 1
2
ξ1 (53)
Putting P and vi in eq.(50), integrating and transforming to x˜i, we get, with
xg = 2xc,
Ω2
2
[(x˜1 − xg)2 + (x˜3)2] = κ(n+ 1)ρ 1n + φ+ φtidal + φmag + C (54)
with C being an integration constant that is fixed from boundary conditions, and
φmag is the potential due to gravitomagnetic effects and comes from integration
of terms containing Ai’s. Also, we have the Poisson’s equation:
∆φ = 4piρ (55)
Then, (54) and (55) are the two equations that are numerically solved in order
to get ρ and φ. Since the numerical procedure is quite involved, let us now list a
few details of this.
4.3 Details of numerical procedure
Our numerical method closely follows the one developed in [20] :
1. We choose units such that M = 1 (we will momentarily comment on restora-
tion of units). It is also assumed that the radius of the star is much less
than its radial distance r from the source.
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2. We assume that the celestial object moving in the background of eq.(21)
does not backreact on the metric. This is of importance as the rotating
JNW metric is not a vacuum solution of the Einstein’s equations and is
seeded by a scalar field.
3. All numerical computations are done including the gravitomagnetic effect.
4. For a given r, γ and a, eq.(36) and eq.(37) are numerically solved to get E
and L.
5. We have done our computation assuming n = 1.0 and R0 = 0.5M . ρc is
assumed suitably (discussed later). For n = 1.0, it can be shown that ξ1 = pi.
Then eq.(53) gives κ.
6. Using x˜i = λqi, xg = λqg, φ = λ
2φ′, eqs.(54) and (55) can be transformed
as:
Ω2
2
(
(q1 − qg)2 + (q3)2
)
λ2 = κ(n+ 1)ρ
1
n + λ2
(
φ′ + φ′tidal + φ
′
mag
)
+ C (56)
∆qφ
′ = 4piρ (57)
This scaling is done to ensure that the size of star is within bound.
7. In our calculation, at first we assumed a density distribution. To solve
eq.(57) from it, we used a grid of 101 × 101 × 101 points. Calculation can
be done using symmetry thus reducing the number of points by a factor of
two. Although in our case this did not cause much difference in terms of the
computation time, so we proceeded with cubic volume.
8. We assumed that the size of star is small enough (than size of cube) such
that at boundary the potential is given by − ∫
cube
ρd3q
r′q
. Where r′q is the
distance of boundary from qi = (0, 0, 0). The integral is done over whole
cube, because outside the star ρ = 0 anyway.
9. Thus (57) is solved using Dirichlet boundary condition; cyclic reduction
method is used to solve the corresponding matrix equation.
10. (qs, 0, 0) is assumed to be the point on surface of the star nearest to source.
qs is a negative number. Also, the density of the star is maximum at (0, 0, 0)
and has a value ρc. These conditions, when put in eq.(56), gives:
qg = − 1
Ω2
[
∂
∂q1
[φ′ + φ′tidal + φ
′
mag]
]
(0,0,0)
(58)
Similarly C and λ can be computed.
11. Then eq.(56) gives values of ρ at the grid points. Using this ρ, step 5
onwards, everything can be repeated. Thus through iterations we can solve
for ρ and φ′.
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12. Beyond the Roche limit, the density contours at (qs, 0, 0) begin to break.
Thus at the Roche limit:
∂ρ
∂q1
∣∣∣∣∣
(qs,0,0)
= 0 (59)
This is actually the condition for the formation of a cusp.
13. ρ and φ′ are computed for a series of ρc values to determine the critical
ρc value (ρcrit). Stars with ρc < ρcrit disrupt due to tidal forces. ρcrit
is then used to compute Mcrit, the critical mass below which the star will
disintegrate. Also, ρcrit is used to calculate the dimensionless quantity ξcrit =
Ω2
piρcrit
. Clearly, stars with ξ < ξcrit are stable under tidal disruptions.
It is to be kept in mind that here we mostly deal with dimensionless quan-
tities. In order to restore dimensions, we can always insert appropriate factors
of the ADM mass, along with c and G. In the results that we show, the critical
mass of the star (Mcrit) is expressed in units of the ADM mass. Upon restoring
appropriate dimensions, working in S.I units, we have
M
(d)
crit (kg) = Mcrit ×M (d) (kg) (60)
where M (d) is the ADM mass (of the central object) (in kg), the superscript
denoting that dimensions have been restored. Similarly, the radius r that we use
is related to the quantity r(d) in S.I units as r(d) = r×GM (d)/c2. This would also
hold for the results that we derived on the frame dragging effect, in the previous
section.
Before we proceed to the results, a few words about the stability of the equa-
torial circular orbits is in order.
4.4 Stability of circular orbits
It is important to study the stability of circular orbits for which we will compute
the tidal effects. For Kerr backgrounds, this has a long history and relevant de-
tails can be found, for example, in the classic paper by Bardee, Press and Teukol-
sky [28] or in Chandrasekhar’s textbook. [2]. Even for the Kerr example, the
computations become tedious for generic values of θ, but is somewhat tractable
for equatorial orbits with θ = pi/2. Essentially, for a stationary space-time, one
writes down an effective potential,
r˙2 + V (r) = 0 , V (r) =
1
grr
(
gttt˙
2 + gφφφ˙
2 + 2gtφt˙φ˙+ 1
)
(61)
In [28], the effective potential on the equatorial plane is more conveniently multi-
plied by a factor of r4 compared to the expression in eq.(61). Then, the conditions
for stable circular orbits boil down to
V (r) = 0, V ′ (r) = 0, V ′′ (r) ≥ 0 (62)
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where a prime denotes a derivative with respect to the radial coordinate. The
first two equations can be solved to obtain the conserved energy and angular
momentum (per unit masses) via eq.(35), and this is then input in the third to
check for stability.
First a few words on the known solutions for the non-rotating JNW space-
time, obtained from eq.(21) by setting a = 0 and M = 1. In that case, one
obtains
V (r) =
γL2
(
1− 2
γr
)2γ
+ E2r(2− γr) + (γr2 − 2r)
(
1− 2
γr
)γ
r(γr − 2) (63)
It is then not difficult to solve for E2 and L2 from the equations in eq.(62). Doing
this, one finds (for M = 1) that marginally stable orbits for which V ′′(r) = 0
occurs for two values of the radial coordinate,
r± =
1
γ
(
1 + 3γ ±
√
5γ2 − 1
)
(64)
Then, it is readily seen that stable circular orbits exist at all radii (greater than
2M = 2) for γ < 1/
√
5. A more detailed analysis for other values of γ was done
in [29] to which we refer the reader for more details.
In the present case, the rotation parameter complicates the issue, essentially
due to the appearance of cross terms involving E and L. With non zero a, we
have the effective potential (again with M = 1) given by
V (r) =
Aγ (aγ (−2aE2 + a+ 2EL) + r(γr − 2)) + γA2γ(L− aE)2 − E2r(γr − 2)
r(γr − 2)
(65)
where we have defined A =
(
1− 2
γr
)
. The γ = 1 (Kerr) case is well known, but
it is difficult to envisage an analytic treatment of eq.(62) via eq.(65) for generic
a and γ.
Although we were unable to compute any analytic expression (even in the
Kerr limit, by doing a series expansion as γ → 1), we have checked in specific
cases that we consider here that in the regions of interest that we describe below,
stable circular orbits are possible.4 This is done by the following method. We
choose a specific value of γ to solve the first two equations of eq.(62) using the
effective potential of eq.(65) (or equivalently, use point (4) of subsection 4.3).
This gives a set of solutions for E and L, from which we pick the one for which
the energy approaches unity in the limit r →∞ and L is positive, and then test
for V ′′(r).
4We remind the reader that a comprehensive analysis of the stability conditions for circular
orbits in the JNW background was performed in [11] where it was shown that for moderate to
high values of γ, stable circular orbits exist at all points outside the singular surface, and that
marginally stable orbits (innermost stable particle orbits) are allowed for low values of γ only
for very slowly rotating JNW singularities.
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4.5 Results and analysis
In this subsection we present our results and analysis of the tidal forces in the
background of eq.(21). Our main findings are depicted in figs.(7(a)), (7(b)) for
a high value of γ = 0.8 and figs. (8(a)) and (8(b)) for a lower value of γ =
0.4. In fig.(7(a)), we plot numerical results for Mcrit as a function of the star’s
(a) (b)
Figure 7: (a) Mcrit vs r for γ = 0.8 with M = 1,for equatorial circular orbits. The
solid red, dashed orange and dot-dashed green curves correspond to a = 0.05, 0.7 and
1.2 respectively. (b) ξcrit vs r for γ = 0.8 with M = 1 for equatorial circular orbits.
The solid red, dashed orange and dot-dashed green curves correspond to a = 0.05, 0.7
and 1.2 respectively.
radial distance from the origin. Here, we have taken γ = 0.8, so that the naked
singularity is now located at r = 2.5 (in units of M), from eq.(24). The maximum
value of the angular momentum parameter is a = 1.25. Here, the solid red,
dashed orange and dot-dashed green curves correspond to a = 0.05, 0.7 and
1.2 respectively. We note that with increase of angular momentum of the source,
Mcrit steadily decreases, with the effect being more pronounced as one goes closer
to the location of the singularity. Since stars with mass lower thanMcrit are tidally
disrupted, this shows that increase in the spin of the naked singularity stabilises
the star. Fig.(7(b)) shows the corresponding feature in ξcrit. A similar result was
obtained in [20] for the Kerr black hole (see fig.(4) of that paper).
We however find that as one moves deeper into the naked singularity regime
(with a smaller value of γ), the situation changes. In figs.(8(a)) and (8(b)),
we plot Mcrit and ξcrit respectively, for γ = 0.4. In this case, the horizon is
located at r = 5 in units of M , and one has the maximum value of the angular
momentum parameter a = 2.5. In the figures, the solid red, dashed orange,
dotted blue and dot-dashed black curves correspond to a = 0.05, 0.7 and 1.8 and
2, respectively. Fig.(8(a)) shows that Mcrit decreases sharply as the spin of the
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(a) (b)
Figure 8: (a) Mcrit vs r for γ = 0.4 with M = 1, for equatorial circular orbits.
The solid red, dashed orange, dotted blue and dot-dashed black curves correspond to
a = 0.05, 0.7 and 1.8 and 2, respectively. (b) ξcrit vs r for γ = 0.4 with M = 1, for
equatorial circular orbits. The solid red, dashed orange, dotted blue and dot-dashed
black curves correspond to a = 0.05, 0.7 and 1.8 and 2, respectively.
source is increased from a small value, and then increases as the spin is further
increased. The corresponding situation for ξcrit is depicted in fig.(8(b)). ξcrit
increases with increase in a up to a radius close to the singularity, but beyond
this is pulled down to approach smaller values close to ones for small a. Note
that indications of this behaviour was already there in [20] (see fig.(7) of that
paper), where ξcrit showed a sharp increase as one approached the outer event
horizon of the Kerr black hole, but what we see over here is that close to the
singularity this trend is reversed. Whether a higher order correction in terms of
the Fermi normal coordinates will change the situation is at present not clear to
us, and this requires further study. However, within the fourth order framework
that we have worked with here, it is evident that there is a dramatic difference
in the nature of tidal forces close to a naked singularity, compared to the black
hole case.
To substantiate the discussion above, we will now provide comparitive tables
for Mcrit, ξcrit and ρcrit for the Kerr and the rotating JNW solutions, with different
values of the parameters a and γ. In all these cases, we have chosen the numerical
value of M = 1 and the values of ξcrit have been scaled up by a factor of 100 to
offer ease of comparison. In tables (1) and (2), we present the results for the
Kerr black hole , with a = 0.05 and a = 0.9, respectively.5 This is done for similar
5The first entry in table (1) is actually an unstable equatorial circular orbit, as follows from
the known equation for the innermost stable circular orbit for the Kerr space-time, given by
(see, e.g [28]) r2 − 6Mr + 8aM1/2r1/2 − 3a2 = 0, which translates to r = 5.84 with a = 0.05
and M = 1. Nevertheless, we keep this for comparison purpose. For a = 0.9, the innermost
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r Mcrit ξcrit × 102 ρcrit
5 0.01722 2.564 0.0993
8 0.00338 3.205 0.0194
12 0.00092 3.515 0.0052
15 0.00046 3.627 0.0026
18 0.00026 3.688 0.0015
21 0.00016 3.756 0.0009
Table 1: Mcrit, ξcrit and ρcrit, for the Kerr
black hole with a = 0.05.
r Mcrit ξcrit × 102 ρcrit
5 0.01318 3.368 0.0756
8 0.00306 3.552 0.0175
12 0.00087 3.691 0.0050
15 0.00044 3.743 0.0025
18 0.00025 3.790 0.0014
21 0.00016 3.832 0.0009
Table 2: Mcrit, ξcrit and ρcrit, for the Kerr
black hole with a = 0.9.
r Mcrit ξcrit × 102 ρcrit
5 0.0389 2.459 0.2250
8 0.0048 3.194 0.0276
12 0.0011 3.509 0.0064
15 0.00053 3.627 0.0030
18 0.00029 3.708 0.0017
21 0.00018 3.784 0.0010
Table 3: Mcrit, ξcrit and ρcrit, for rotating
JNW, with γ = 0.6, a = 0.05.
r Mcrit ξcrit × 102 ρcrit
5 0.0258 3.738 0.1480
8 0.00427 3.613 0.0244
12 0.00107 3.704 0.0061
15 0.00515 3.763 0.0029
18 0.00029 3.823 0.0016
21 0.00018 3.837 0.0010
Table 4: Mcrit, ξcrit and ρcrit, for rotating
JNW with γ = 0.6, a = 0.9.
values of the radial coordinate. In tables (3) and (4), the analysis is repeated,
again for similar values of r for the rotating JNW space-time with γ = 0.6, again
with a = 0.05 and 0.9. In this case, the naked singularity occurs at r = 3.33,
from eq.(24).
Comparing the values of tables (1) – (4), the effect of γ, the JNW parameter
is clearly seen to enhance Mcrit and ρcrit near the location of the singularity, as
compared to the Kerr example. For large values of the radial coordinate, this
difference ceases to exist, as expected.
More drastic differences emerge as we further lower the value of γ, i.e go deeper
into the naked singularity regime. In order to explain the plots of figs.(8(a)) and
(8(b)), we now present numerical values of Mcrit, ξcrit and ρcrit for γ = 0.4. In this
case, the location of the singularity is at r = 5, and the rotation parameter can
range from zero to a = 2.5. To compare with figs.(8(a)) and (8(b)), we tabulate
the data for the physical parameters for a = 0.05, 0.7, 1.8 and 2.0, in tables
(5), (6), (7) and (8), respectively. These numbers are readily compared with
those in tables (1) – (4), and it is seen that the effect of the naked singularity
can enhance Mcrit and ρcrit by more than an order of magnitude, close to the
singularity. In these tables, we have restricted attention to stable circular orbits
stable circular orbit occurs at r = 2.32.
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r Mcrit ξcrit × 102 ρcrit
5.4 0.272 2.825 1.620
5.6 0.141 2.902 0.835
6.0 0.063 2.957 0.365
6.6 0.029 3.042 0.165
Table 5: γ = 0.4, a = 0.05.
r Mcrit ξcrit × 102 ρcrit
5.4 0.136 5.728 0.798
5.6 0.084 4.955 0.489
6.0 0.043 4.284 0.252
6.6 0.022 3.892 0.129
Table 6: γ = 0.4, a = 0.7.
r Mcrit ξcrit × 102 ρcrit
5.4 0.227 3.341 1.370
5.6 0.101 4.032 0.601
6.0 0.043 4.335 0.249
6.6 0.020 4.254 0.118
Table 7: γ = 0.4, a = 1.8
r Mcrit ξcrit × 102 ρcrit
5.4 0.264 2.860 1.600
5.6 0.111 3.655 0.663
6.0 0.045 4.074 0.265
6.6 0.002 4.183 0.120
Table 8: γ = 0.4, a = 2.0
near the singularity. We note here that if the mass of the central singularity is
high, then this enhancement of the critical mass might assume some observational
significance in future, but this is at best a speculation.
5 Discussions and conclusions
Distinguishing black holes from naked singularities has been a topic of much
discussion over the last few years. Although singularities in general indicate
the limits of applicability of a theory, the discussion assumes relevance in the
context of quantum effects setting in for strong gravity. This is also particularly
interesting as over the years evidence has emerged that naked singularities can
indeed form out of a gravitational collapse process, also in a cosmological setting.
In this paper, we have taken a few moderate steps in this study. Our focus
was on two directions : the Lense-Thirring precession and tidal effects, both in
the strong gravity regime. In the former, we saw a few features that might be
indicative of interesting physics : firstly, contrary to the weak field L-T precession,
we saw that there is a possibility of the L-T precession frequency increasing (for
a Copernican static observer just outside the ergoregion of a Kerr black hole) as
one decreases the angular momentum of the black hole. This feature persisted
for the rotating JNW background. We established that for the black hole, such
an increase is possible in a physical process like the Penrose process, where the
black hole slows down as energy is extracted from it. This feature was notably
absent for the accreting Kerr black hole.
We then saw that for generic stationary Copernican observers in the Kerr
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background, there are certain values of its angular velocity for which the pre-
cession frequency of a test gyroscope vanishes exactly. This feature was present
for the accreting Kerr black hole as well. This would in particular mean that
Copernican observers at certain radii outside the black hole should see that the
L-T precession frequency in their frame change sign, as the black hole angular
momentum (and mass) changes. For Copernican static observers in the rotating
JNW background, similar features as the static Kerr observer were obtained. In
this case, we showed that the L-T precession frequency might be substantially
higher than those of black holes, maybe by almost an order of magnitude.
We then went on to study a further aspect of great importance in GR – tidal
forces. Following [20], this was done in Fermi normal coordinates up to a fourth
order expansion in such coordinates. After providing a relatively simple method
of constructing Fermi normal coordinates for circular geodesics in the equatorial
plane (this is the only case which can be handled anyway), we discussed tidal
effects in rotating JNW backgrounds. Our numerical results here show a drastic
difference with the corresponding Kerr case near the singular surface up to the
order of approximation that we have assumed.
To summarize, in this paper we have taken some modest steps that we hope
will add to the literature on the distinction between black holes and naked sin-
gularities. In addition, we have given some interesting aspects of gyroscope pre-
cession in Kerr backgrounds. Of importance will be to analyze other rotating
naked singularity backgrounds to see if these results persist. It should also be
interesting to go beyond the fourth order approximation of [20] for computing
tidal forces. Of course this is a substantially difficult task, and is left for a future
publication.
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